Abstract. Let S be a curve over an algebraically closed field k of characteristic p ≥ 0. To any family ρ of n-dimensional F -linear representations:
Introduction
Let k be an algebraically closed field of characteristic p ≥ 0 and S a smooth, separated and connected curve over k with generic point η. Let π 1 (S) denote itsétale fundamental group. Fix an integer n ≥ 1 and a family ρ of n-dimensional F -linear representations:
ρ : π 1 (S) → GL(H ) = GL n (F ), : prime ( 0).
To such data, one can associate families of abstract modular curves (see subsection 2) S ρ,1 ( ) → S and S ρ ( ) → S which, in this setting, are the modular analogues of the classical modular curves Y 1 ( ) → Y (0) and Y ( ) → Y (0) classifying -torsion points and full level-structures of elliptic curves respectively.
In [CT10b] , we introduced technical conditions on ρ, denoted by (A), (WA) and (AWA) (for 'abelianization', 'weak abelianization' and 'alternating weak abelianization' respectively), (I) (for 'isotriviality'), (T) (for 'tame') and (U) (for 'unipotent').
Apart from (I) (to which one can always reduce by taking quotient, at least when p = 0), these conditions are satisfied by F -linear representations arising from the action of π 1 (S) on theétale cohomology groups with coefficients in F of the geometric generic fiber of a smooth proper scheme over S. Those arising from the action of π 1 (S) on the group of -torsion points of the geometric generic fiber of an abelian scheme A over S satisfy (I) as well provided: (*) A η contains no non-trivial k-isotrivial abelian subvarieties.
See [CT10b, §2.3 ] for more details.
Let g ρ,1 ( ) and g ρ ( ) (resp.γ ρ,1 ( ) and γ ρ ( )) denote the genus (resp. the k-gonality) of the abstract modular curves S ρ,1 ( ) and S ρ ( ) respectively. The main result of [CT10b] ([CT10b, Thm. 2.1]) asserts that, if conditions (AWA), (I), (U) are satisfied then:
An intermediary step in the proof of this result is that, if conditions (WA), (I), (T) are satisfied then:
In this note, we prove that the same holds with gonality replacing genus, that is: Theorem 1.1. If conditions (WA), (I) and (T) are satisfied then:
The proof of theorem 1.1 is purely algebraic and based on the use of equivariant-primitive decompositions introduced by A. Tamagawa in [T04] to estimate the gonality of Galois covers. The method, however, fails to prove: Conjecture 1.2. Assume that conditions (WA), (T), (U) are satisfied. Then:
except when n = 2 (or, more generally, when one considers the variant of S ρ,1 ( ) classifying only points v ∈ H whose π 1 (S)-orbit generates a F -submodule of rank 2 -see proposition 4.1 ). This provides in particular an algebraic proof of the well-known fact (see, for instance, [A96] , [P07] ) that:
When p = 0, it seems that variants of theorem 1.1 can be proved by the technics from differential geometry and Cayley-Schreier graph theory generalizing [A96] and developped in [EHK10] . This paper is organized as follows. In section 2, we recall the definitions, notation and conditions (WA), (I), (T) for abstract modular curves. Section 3 is devoted to the proof of theorem 1.1. The definitions and main lemma about E-P decompositions are given in subsection 3.1 and the proof itself is completed in subsection 3.2. Section 4 is devoted to the proof of corollary 1.3. Acknowledgments I am grateful to Akio Tamagawa for his careful rereading of the first version of this text.
Abstract modular curves
2.1. Notation. Let k be an algebraically closed field of characteristic p ≥ 0 and S a smooth, separated and connected curve over k with generic point η. We will write S → S cpt for the smooth compactification of S and π 1 (S) for itsétale fundamental group. Fix an integer n ≥ 1 and a family ρ of n-dimensional F -linear representations:
For any prime , set G := im(ρ ) and for any subgroup U ⊂ G , let S U → S denote the connected etale cover corresponding to the open subgroup ρ −1 (U ) ⊂ π 1 (S).
Let F = (F ) : prime denote a sequence of non-empty families of subgroups of G . We will say that:
is the abstract modular curve associated with F and define:
which we call the degree, genus and gonality of the abstract modular curve S ρ,F ( ).
In the following, we will consider only specific classes of abstract modular curves. More precisely, for any 0 = v ∈ H , set S v := S Stab G (v) → S; let g v and γ v denote its genus and gonality respectively. Also, given a π 1 (S)-submodule M ⊂ H , write ρ M : π 1 (S) → GL(M ) for the induced representation and set G M := im(ρ M ). The connectedétale cover S M = S ker(ρ M ) → S is then Galois with group G M ; let g M and γ M denote its genus and gonality respectively. For 0 = v ∈ H and
Following the notation for the usual modular curves, we will write:
Conditions (WA), (I), (T).
We consider the following technical conditions on ρ:
(WA) For any open subgroup Π ⊂ π 1 (S), there exists an integer B Π ≥ 1 such that, for any prime and Π-submodule M ⊂ H , one has:
, there exists an integer B Π ≥ 1 such that, for any prime and Π-submodule M ⊂ H , one has:
For any open subgroup Π ⊂ π 1 (S), one has: H Π = 0 for 0;
(T) For any P ∈ S S cpt there exists an open subgroup T P of the inertia group I P at P such that ρ (T P ) is tame for 0.
Let X → S be a smooth, proper and geometrically connected morphism. For every integer i ≥ 0 the F -rank n i, of H i := H i (X η , F ) is finite and independent of (for 0) 1 so simply denote it by n i . For each i ≥ 1, the action of π 1 (S) on H i gives rise to a family ρ i of n i -dimensional F -linear representations: (1) Assume that condition (T) is satisfied. Set K := :prime ker(ρ ). Then π 1 (S)/K is topologically finitely generated.
3. Proof of theorem 1.1 3.1. E-P decompositions. Let k be a field (of any characteristic). Given a diagram of proper k-curves:
1 When p = 0, this follows from the comparison isomorphism between Betti andétale cohomology with finite coefficients and the fact that Betti cohomology with coefficient in Z is finitely generated. More generally, when p ≥ 0, this follows from the fact that -adic cohomology with coefficients in Z is torsion free for 0 [G83] and that the Q -rank of -adic cohomology with coefficients in Q is independent of . where f : Y → B is a non-constant morphism of proper k-curves and π : Y → Y is a G-cover with group G, we will say that (1) is equivariant if for any σ ∈ G there exists σ B ∈ Aut k (B) such that f • σ = σ B • f and that (1) is primitive if for any commutative diagram of morphisms of proper k-curves:
with f of degree ≥ 2, the diagram:
is not equivariant.
We will resort to the following corollary of Castelnuovo-Severi inequality.
For any diagram (1), consider a decomposition:
and Y → C of degree maximal for such a property. Then, by definition, the action of G on Y induces that on C, hence we obtain a homomorphism G → Aut k (C). Set K := Ker(G → Aut k (C)) and G := G/K. Then (3) can be decomposed as follows:
where, by construction,
We will call such a decomposition an equivariant-primitive decomposition (E-P decomposition for short).
3.2. Proof of theorem 1.1. Observe first that if T → S is any finite connectedétale cover then π 1 (T M ) = π 1 (S M ) ∩ π 1 (T ). In particular, one has:
and, as a result, lim For any prime consider a π 1 (S)-submodule 0 = M ⊂ H such that γ M = γ ρ ( ). We thus have a diagram of smooth proper curves:
with deg(f M ) = γ ρ ( ), and for which we can consider an E.P. decomposition: 
So, from lemma 2.1 (2) one has lim →+∞ |G M (m) | = +∞. We distinguish between two cases.
Assume first that g C M (m) ≥ 2 for m 0. Then, recall that, for any p ≥ 0, there exists a polynomial
such that the automorphism group of a genus g ≥ 2 curve over an algebraically closed field of characteristic p is ≤ P p (g) [St73] . So
which forces lim m →+∞ g C M (m) = +∞. But from lemma 3.1, one has:
which contradicts the fact that γ ρ ( (m)) ≤ γ for all m ≥ 0. Assume now that g C M (m) ≤ 1 for m 0. We resort to the classification of finite subgroups of automorphism groups of genus ≤ 1 curves. Namely, Lemma 3.2. Let S be a smooth, separated and connected curve over an algebraically closed field k of characteristic p ≥ 0. Let G be a finite subgroup of the automorphism group of S.
(1) Assume that g S = 1 then G is an extension:
with A a finite quotient ofẐ 2 and |Q| ≤ 12. (2) ([Su82, Thm. 6.17]) Assume that g S = 0 then G is either:
(a) a cyclic group;
where A is an elementary abelian p-group and Q is a cyclic group of order prime-to-p; (e) PSL 2 (p r ), r ≥ 1; (f) PGL 2 (p r ), r ≥ 1. The three last cases only occur when p > 0.
Assume first that g C M (m) = 1 for m 0. Then G M (m) contains a normal abelian subgroup A M (m) of index ≤ 12 for m 0. Since, from lemma 2.1 (1), we know that π 1 (S) acts through a topologicaly finitely generated quotient, there are only finitely many isomorphism classes of connectedétale covers of S of degree ≤ 12 corresponding to the ρ
. Hence, at least one of them -say T → S -appears infinitely many time. So, up to base-changing by T → S, one may assume that G M (m) is abelian for infinitely many n. But it follows from lemma 2.1 (2) that this contradicts lemma 2.1 (3).
The same arguments shows that if g C M (m) = 1 for m 0 then G M (m) can only be of type (2) (e) or (f) for m 0. This can only occur if p > 0. Since PSL 2 (p r ) is simple and the only nonzero normal subgroups of PGL 2 (p r ) are PSL 2 (p r ) and PGL 2 (p r ), it follows from as an extension:
= 1. Then, as π 1 (S) acts through a topologicaly finitely generated quotient, there are only finitely many isomorphism classes of connectedétale covers of S of degree ≤ d(n) corresponding to the
. Hence, at least one of them -say T → S -appears infinitely many time. So, again, up to base-changing by T → S, one may assume that G M (m) = T M (m) is abelian for infinitely many n which, from lemma 2.1 (2), contradicts lemma 2.1 (3).
It follows from
is normal in G M (m) and, from claim 1, it is non trivial, so 4. The case of S ρ,1 ( ) For i = 1, . . . , n, set (when it is defined):
Note that, when n = i, one has γ ≤i ρ,1 ( ) = γ ρ,1 ( ). In this section, we prove: (1) a cyclic group of order n: C n , n ≥ 2; (2) a group with presentation :
x, y | y n = y 2 , y −1 xy = x −1 , n ≥ 2; (3) SL 2 (3), SL 2 (5); (4) the representation groupŜ 4 of the permutation group S 4 in which transpositions lift to elements of order 4; (5) F C with C a cyclic group of prime-to-order.
where
Lemma 4.3. Assume that conditions (WA), (I) and (T) are satisfied. Then, for 0 and any hence of index ≤ Bo(B). As π 1 (S) acts through a topologically finitely generated quotient, there are only finitely many isomorphism classes of connectedétale covers of S corresponding to these subgroups. Hence one of them -say T → S -appears for infinitely many so, up to base-changing by T → S, we may assume that G M (m) is abelian for infinitely many , which contradicts condition (WA)'. As a result, lim 
But, then, if t denotes a generator of S (m) , one has tcv = cc −1 tcv = cv, which contradicts the fact that G M (m) acts faithfully on M (m) . Hence:
Lemma 4.4. If a finite group G can be written as an extension:
with Q abelian of exponent e then G contains a normal abelian subgroup of exponent ≥ . By definition of φ, one can lift q to an elementq in the centralizer of N in G. Set:
As the center Z(U ) of U is characteristic in U , it is normal in G. Furthermore, by construction, it containsq, which is of order ≥ Consider an E-P decomposition:
As the only normal subgroups of SL 2 ( ) are 1, Z/2, SL 2 ( ), there are only two possibilities:
In cases (1), for 0 (that we can in particular choose > p), the group G M contains SL 2 ( ) or P SL 2 ( ) so it is not a subgroup of the automorphism group of a genus 0 or 1 curve over an algebraically closed field of characteristic p ≥ 0. As a result, one may assume that T M has genus ≥ 2. Also, from condition (T), there exists an open subgroup U ⊂ π 1 (S) such that ρ| U is tame. Let U M denote the image of U in G M and let T U M → B M denote the corresponding connectedétale cover. Then:
Hence: 
